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ABSTRACT All biological processes ultimately come from physical interactions. The mechanical properties of DNA play a crit-
ical role in transcription. RNA polymerase can over or under twist DNA (referred to as DNA supercoiling) when it moves along a
gene, resulting in mechanical stresses in DNA that impact its own motion and that of other polymerases. For example, when
enough supercoiling accumulates, an isolated polymerase halts, and transcription stops. DNA supercoiling can also mediate
nonlocal interactions between polymerases that shape gene expression fluctuations. Here, we construct a comprehensive
model of transcription that captures how RNA polymerase motion changes the degree of DNA supercoiling, which in turn feeds
back into the rate at which polymerases are recruited and move along the DNA. Surprisingly, our model predicts that a group of
three or more polymerases move together at a constant velocity and sustain their motion (forming what we call a polymeton),
whereas one or two polymerases would have halted. We further show that accounting for the impact of DNA supercoiling on both
RNA polymerase recruitment and velocity recapitulates empirical observations of gene expression fluctuations. Finally, we pro-
pose a mechanical toggle switch whereby interactions between genes are mediated by DNA twisting as opposed to proteins.
Understanding the mechanical regulation of gene expression provides new insights into how endogenous genes can interact
and informs the design of new forms of engineered interactions.
SIGNIFICANCE All biological processes come from physical interactions. During gene expression, RNA polymerase
moves along DNA and generates a messenger RNA copy of DNA. Because DNA has a helical structure, polymerase
needs to twist the DNA to move along it. Over and under twisting of DNA change the mechanical properties of DNA. We
present a model that captures how movement of a polymerase changes excess twist within DNA, which in turn feeds back
into the rate at which polymerases move. Our model predicts that twisting of DNA generates effective interactions between
polymerases such that three or more polymerases can keep moving along DNA, whereas one or two polymerases are
halted. These interactions can explain observed fluctuations in gene expression.
INTRODUCTION

Numerous physical processes contribute to gene expres-
sion (1). For example, transcription, an essential step in
gene expression where DNA is converted to RNA, has a
mechanical component. During transcription, an RNA po-
lymerase can twist DNA and generate stresses on DNA
(2,3) that impact its own motion and that of other
polymerases (4) affecting gene expression (5). There-
fore, to understand the dynamics of gene expression,
we need to account for the mechanical nature of tran-
scription (6).
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DNA forms a right-handed helix from two complemen-
tary strands of nucleic acid chains. The number of times
these two chains wind around each other is a topological
quantity called the linking number (7). DNA supercoiling
is a change in the natural linking number of DNA (the
number of times the two DNA strands wind around each
other in a relaxed configuration). DNA supercoiling is
intimately linked to transcription (8) and can control
both the rate at which polymerases are recruited and the
rate at which polymerases move along DNA (4,5). Gene
expression occurs in a stochastic (‘‘bursty’’) manner (9).
Early insights into gene expression fluctuations (10–14)
and RNA polymerase cooperation (15) led to numerous
phenomenological models that linked bursting to intrinsic
polymerase pausing (16–19), pushing (20), and barrier en-
counters (21). These models were followed by theoretical
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(22–24) and experimental studies (25–27) that explicitly
considered the role of DNA supercoiling as a mechanism
of transcriptional bursting. In addition to influencing fluc-
tuations, experimental (28) and theoretical (22,23) obser-
vations have shown that DNA supercoiling can halt
isolated polymerases and stop transcription nonlocally,
whereas multiple polymerases can undergo sustained
motion (4,29,30) and influence the recruitment of poly-
merases to neighboring promoters (31). Despite the
advances that these studies have made, we still lack
a comprehensive framework that captures how DNA
twisting by RNA polymerase during transcription feeds
back into the recruitment and motion of other RNA poly-
merases, which in turn change the local excess twist
within DNA.

Here, we construct a model of mechanical aspects of gene
expression that captures the feedback cycle between DNA
twisting and RNA polymerase recruitment and motion.
Within our framework, multiple polymerases interact nonlo-
cally via twisting of DNA generated by the movement of the
polymerases along the gene. We show that these interactions
play a key role in setting the velocity at which polymerases
can move along a gene, which in turn sets the degree of gene
expression fluctuations. Surprisingly, we demonstrate that
three or more interacting polymerases undergo sustained
motion, whereas isolated polymerases are halted by me-
chanical forces (a collective phenomenon that we call a pol-
ymeton). We also show that incorporating the impact of
DNA twisting on both recruitment of RNA polymerase
and their interaction can correctly predict observed fluctua-
tions in gene expression. Finally, we use the mechanical
coupling between polymerases to propose a computational
model of a toggle switch whereby interactions between
two genes are mediated by DNA twisting as opposed to
proteins.
MATERIALS AND METHODS

Simulation details and parameters

Simulations were conducted in MATLAB. Euler’s method was used for the

numerical integration of the twist angles given in Eq. 7. Integration steps of

size DT ¼ 1/200(s) where used. The same method was applied for the inte-

gration of polymerase motion. See (15) for more details. Stochasticity for

the initiation of polymerases, degradation of produced mRNA, and topo-

isomerase action were modeled as Poisson processes. This was imple-

mented in the simulation by allowing for each process to occur within

each time-step with a probability specified by the rate for that process.
RESULTS

Model description

Two major factors determine gene expression output. The
first is the rate at which polymerases are recruited at the
transcription start site, referred to as the initiation rate. Sec-
ond is the rate at which the recruited polymerases are trans-
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ported from the start site to the termination site, referred to
as the elongation rate. The rates of initiation and elongation
together determine the rate of gene expression output.

Fluctuations in the output are not necessarily equal to
fluctuations created during initiation because polymerase
velocity and spacing can change during transport. To under-
stand the fluctuations in the output and how they relate to the
fluctuations in the input, we need to model the transport of
polymerases and quantify their contribution to the fluctua-
tions in the output.

Our model describes the position and velocity of the poly-
merases during transport. We assume that there are N poly-
merases between the transcription start site and the
termination site. The ith polymerase has position xi and ve-
locity vi. The density function of the polymerases
r ¼ P

i

dðs � xiðtÞÞ encodes the position of all the polymer-

ases along the gene, where the position along the gene is
parameterized by s (in bp). Similarly, the flux of polymer-
ases along the gene is defined as

jðs; tÞ ¼
X
i

viðtÞdðs � xiðtÞÞ: (1)
Flux j at position s corresponds to the number of polymer-
ases crossing s per unit time. The unit of flux is the same as
that of the initiation and output rates. The flux captures the
transport of polymerases along the gene and can be used to
link initiation and elongation to output (Fig. 1).

At steady state, the initiation rate is equal to the output
rate when averaged over a sufficiently long period of time.
In addition, these rates should equal the average flux at
any point along the gene when there is no depletion of poly-
merases along the gene. However, the fluctuations in these
three rates are not necessarily equal. To understand how var-
iations in the flux control output fluctuations, we need to
incorporate the physical factors that modify polymerase ve-
locity and the initiation rate.

As polymerase moves along the gene, it can change the
degree of supercoiling. This is because to transcribe, a poly-
merase has to either 1) rotate to follow the helical grooves of
DNA and/or 2) DNA itself has to twist as it is pulled through
a polymerase (8). Polymerase rotation does not change the
degree of supercoiling, whereas DNA twisting does (23).
Therefore, we need to incorporate the feedback between po-
lymerase velocity and DNA supercoiling in our model.

Following a physical construction of the twin-domain
model of transcription (23), we define _qi to be the rate of rota-
tion (angular velocity) of the ith polymerase. 4ðsÞ is the twist
of DNA at position s calculated from the molecular axis of
DNA (32). We define 4ðs ¼ 0Þ ¼ 0. Even with zero super-
coiling, as s increases,4 also increases because of the natural
helical form of DNA at a rate of uo ¼ 0:6 ½rad =bp� (for
relaxed DNA). _4ðsÞ is the rate of twisting per unit time at po-
sition s. vs4 evaluated position s0 captures how the degree of
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FIGURE 1 Schematic of the model of the role of supercoiling during transcription. Gene expression output is determined by both polymerase recruitment

(initiation) as well as polymerase transport along the gene (elongation). During elongation, polymerases produce supercoiling, the over and under twisting of

DNA (shown in purple and red, respectively), causing a corresponding change in the torque and in turn the torsional stress on the DNA. DNA supercoiling

and torque can be transported between polymerases creating nonlocal interactions between polymerases that influence elongation and initiation. These in-

teractions also impact both the average rate of mRNA production and its fluctuations. To see this figure in color, go online.
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twist changeswhenmoving along the gene fromposition s0 to
a point infinitesimally away s0 þ ds. vs4 is referred to as the
local twist density.

Thus, vvs4 determines the rate at which a polymerase en-
counters twist when moving at velocity v along the gene. To
follow the grooves of DNA, a combination of polymerase
rotation or DNA twisting (in the opposite direction) must
occur (23). Therefore, for the ith polymerase, the equation

vivs4ðs; tÞ ¼ _qiðtÞ � _4ðs; tÞ (2)

encodes the local interplay between DNA twist density
encountered during elongation, polymerase rotation, and
further DNA twisting.

Here, we will only consider changes in DNA supercoiling
due to local DNA twisting, neglecting the role of writhe.
The role and addition of DNA bending and writhe are dis-
cussed later. We define the local supercoiling density s to
be the normalized excess twist density in DNA. Mathemat-
ically, we express s using the natural twist density (here
defined as u0 ¼ 0:6 ½rad =bp�) as

sðs; tÞ ¼ u� 1
o vs4ðs; tÞ � 1: (3)

We can write Eq. 2 using the supercoiling density s
instead of the local twist density vs4.

viðtÞð1þ sðtÞÞuo ¼ _qiðtÞ � _4ðs; tÞ (4)

We can use mechanics to relate the rate of rotation of po-
lymerase _qi and the rate of twisting of DNA _4ðsÞ to the tor-
que applied to the polymerase or DNA at position s. At each
position s, there exists some amount of torque tðsÞ in
response to the amount of twisting 4ðsÞ at that position.
The torsional stress eiðtÞ ¼ vstðs ¼ xi; tÞ (also called the
local torque per unit length) exerts a damping force on the
polymerase that rotates it. Intuitively, torsional stress can
be thought of as the difference of the torque in front of
and behind the polymerase. Specifically, the rate of rotation
of ith polymerase is given by�

gþ hxai ðtÞ
�
_qiðtÞ ¼ eiðtÞ; (5)

where the drag coefficient has a constant term g and a term
that increases with the distance xi of the polymerase from
the transcription start site. The drag coefficient increases
with the distance of the polymerase from the start site
because the nascent RNA attached to the polymerase in-
creases in length as the polymerase moves along the gene.
g captures the drag of polymerase and DNAwithout nascent
RNA attached. a is a phenomenological parameter that cap-
tures how the drag coefficient changes with the distance
from the start site (33).

Similarly, the rate of rotation of DNA at position s away
from transcription is related to the torsional stress experi-
enced by the DNA at that position.

z _4ðs; tÞ ¼ eðs; tÞ; (6)

where z is the constant drag coefficient of DNA and
eðs; tÞ ¼ vstðs; tÞ.

By substituting Eq. 5 into Eq. 4 to eliminate _q, we obtain
an equation for the rate of rotation of DNA at the position of
the ith polymerase:

_4iðtÞ ¼ � uoð1þ sÞviðtÞ þ eiðtÞ=ðgþ hxiðtÞaÞ: (7)

This equation directly relates the dynamics of DNA
twisting to the rate of polymerase elongation vi and posi-
tioning xi.
Biophysical Journal 121, 4153–4165, November 1, 2022 4155
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To write Eq. 7 for any position s on the gene, we combine
the discrete drag coefficients of individual polymerases and
the continuous drag coefficient of DNA and define

Dðs; tÞ ¼ 1

uoz

 
1 �

X
i

dðs � xiðtÞÞ
!

þ 1

uo

X
i

dðs � xiðtÞÞ
gþ hxai ðtÞ

: (8)

Using the above form of the drag coefficient and our pre-
vious definition of flux j (Eq. 1), we can write down an equa-
tion for the dynamics of DNA twisting that combines the
contribution of polymerases with that of DNA itself:

_4ðs; tÞ ¼ � uoð1þ sðs; tÞÞj þ uoDðs; tÞeðsÞ: (9)

By applying Eq. 3, we arrive at a supercoiling density
transport equation for transcription:

vtsðs; tÞ ¼ vsð � ð1þ sðs; tÞÞjþDðs; tÞeðs; tÞÞ: (10)

This result stands in contrast to previous models (24,34),
which assume a constant diffusion coefficient and neglect
the fact that polymerases serve as both a source of supercoil-
ing as well as barriers to its free diffusion (35).

We can write Eq. 10 explicitly in terms of s (and thus
stress) by specifying the local torque as

tðs; tÞ ¼ Csðs; tÞ; (11)

where C is the twist modulus of DNA (75½nm� � kbT (36)).
Here, we do not account for DNA bending or writhing in our
simple model, though their analytical inclusion is straight-
forward (37–39). Their inclusion can lead to DNA buckling,
resulting in altered twist transport and torsional responses.
To account for buckling in our simulations, we will utilize
a phenomenological relationship between torque and super-
coiling (see supporting material).

The flux term in the above equation and the diffusion con-
stant depend on the position and the velocity of the polymer-
ases. To close the set of equations in our description, we
need to relate the position of the polymerases to their veloc-
ity and relate their velocity to the supercoiling density s.
The position of the polymerase ith change in time as
_xi ¼ vi.
We assume a phenomenological relationship between the

supercoiling density and the velocity of polymerase i using
the following functional form:

viðtÞ ¼ vmax
1þ ekðeiðtÞ� ecÞ; ei ¼ vstðxiÞ; (12)

where ei is the torsional stress experienced by the ith polymer-
ase as previously defined. ec is the torsional stress cutoff
(around 0.2 N for E. coli (28) assuming that the length scale
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of the polymerase is 0.6 Å (40)). vmax is themaximumvelocity
that polymerases can travel when ei < < ec. Conversely, if
ei > > ec, then the polymerase stalls. This phenomenological
form is motivated by the empirical observations made in (28).

Taken together, Eqs. 10–12 provide a closed-form descrip-
tion of the generation and transport of supercoiling density
along the gene due transcription as well as the position and
velocity of each polymerase. To solve these equations, we
need to also specify the initial conditions and the boundary
conditions. s ¼ 0 and s ¼ L are the positions of the two
boundaries of the system. The boundaries of the gene itself
(marked by the position of the transcription start site and
termination site) are contained within the boundaries of the
system. For an open system (DNA that is free to rotate at
the boundaries), we have sðs ¼ 0Þ ¼ sðs ¼ LÞ ¼ 0.
Similarly, for DNA that forms a closed loop,
sð0Þ ¼ sðLÞ; vssð0Þ ¼ vssðLÞ so that the supercoiling
density and torques match at the beginning and end of the
system but are not necessarily zero. In our simulations, we
use fixed boundary conditions where the gradient of super-
coiling density at the two boundaries is zero, vssðs ¼
0Þ ¼ vssðs ¼ LÞ ¼ 0, at all times, but the supercoiling
densities are not necessarily equal to each other, sð0ÞssðLÞ.

The above equations with the boundary conditions spec-
ified can be simulated to study the generation and transport
of supercoiling density along the gene. In our simulations,
we assume the limit of fast diffusion of supercoiling density
between the polymerases. This limit corresponds to z/0 in
Eq. 8. With this assumption, the supercoiling density is con-
stant along DNA regions between polymerases, allowing us
to directly use Eq. 7 to keep track of supercoiling in align-
ment with previous efforts (23).

Finally, we incorporate the role of topoisomerases into
our simple model. Topoisomerases play an important role
in regulating transcription in both bacteria and eukaryotes
(41). General classes of topoisomerases are formed by their
ability to relieve either positive or negative supercoiling
density as well as their mechanisms of actions, which use
either single- or double-strand breaks to modify the super-
coiling density (42).

If no mechanism to relieve supercoiling is included (such
as the one provided by topoisomerase), then large amounts
of supercoiling density accumulate and stalling occurs for
reasonable choices of parameters as observed in experi-
ments (43). To incorporate topoisomerase action in our
model, at random time points, we scale the supercoiling at
every point along the gene by the same constant factor by
reassigning the twist at each polymerase 4i/a4i

(a ¼ 0:1 in our simulations; the value of this constant is
not important because the rate of topoisomerase action is
the free parameter in our simulations).

The rate at which topoisomerase acts is set by the differ-
ence of the supercoiling density at the two boundaries:

UðtÞ ¼ sðL; tÞ � sð0; tÞ: (13)
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UðtÞ roughly corresponds to the accumulation of supercoil-
ing density along the gene over time. In our simulations, we
use the following form for the rate of topoisomerase action
as a function of UðtÞ:

RtopoðtÞ ¼ l
1

1þ UðtÞ: (14)

Thus, the overall rate of supercoiling density removal due
to topoisomerase action goes as

l
UðtÞ

1þ UðtÞ; (15)

so that the rate of removal saturates with increasing levels
of supercoiling at a fixed topoisomerase concentration.
The above form is motivated by empirical observations
of the dynamics of topoisomerase action in vitro (44). In
these experiments, supercoiled plasmids were prepared at
varying concentrations, effectively altering the amount of
supercoiling present, U (44). Multiple types of topoiso-
merases were then added to remove the supercoiling. All
topoisomerases displayed kinetic behavior in the form of
Eq. 15. Thus, the phenomenological action of topoisomer-
ase in our model closely captures the known kinetic prop-
erties of topoisomerases. As a check, we tried multiple
alternative phenomenological forms relating UðtÞ to the
rate of topoisomerase action: a constant rate independent
of UðtÞ, a rate proportional to UðtÞ, and a rate that ap-
proaches zero with increasing UðtÞ. The form used in
Eq. 15 was the only one that was consistent with empirical
observations of how topoisomerases regulate polymerase
velocities and fluctuations in mRNA production (see sup-
porting material).
Simulations

We simulated the model described above to understand how
initiation, transport, and supercoiling work together to
determine gene expression output (the simulations are
described in detail in the supporting material). To do this,
we simulated a single isolated gene of length 1,000 bp con-
tained within a total stretch of DNA of length (L) ¼
3,000 bp. The start site of the gene is located at s ¼
1,000 bp. At s ¼ 0 and s ¼ L, DNA will be prevented
from freely rotating, causing supercoiling density to build
up at the boundaries corresponding to the fixed boundary
condition.

We begin with a constant initiation rate that does not
depend on the supercoiling density at the transcription start
site. Therefore, the loading process of polymerases at the
transcription start site (s ¼ 1,000 bp) is a Poisson process
with rate Rint. We will later consider an initiation rate that
is a function of the supercoiling density at the transcription
start site.
As the polymerases move along the gene, the supercoiling
density changes according to Eq. 7, which governs the local
twist change at each transcription site. We set the drag coef-
ficient g ¼ 10� 1½pNs� and the phenomenological parame-
ters h ¼ 10� 4½pNs =bp2� and a ¼ 2. While there is little
empirical data to determine the precise values of these pa-
rameters, biophysical considerations (as well as the observa-
tion that short genes do not induce supercoiling while long
ones do (35)) implies a drag greater than 1 pNnm for a
nascent transcript of length 1 kbp or greater rotating at 10
rad/s. We will, regardless, show that our results are robust
to changes in the values of these parameters (see results
and discussion and supporting material). We assume that
the torque is related to the supercoiling density using the
functional form shown in the supporting material. This
choice is motivated by empirical observations (36) and
only contains one free parameter, which sets the torque at
which DNA buckles. We also ensured that our results are
robust to the choice of this parameter (see Fig. S1).

When a polymerase reaches the transcription termination
site, a mature mRNA is produced that then is removed at a
constant rate m ¼ 10� 2s� 1. The simulations were started
with no polymerases on the gene and ran for a sufficiently
long period of time to reach steady state when the number
of RNA polymerases stabilized. We observed that the simu-
lations reached steady state typically after 10 min out of a
total of 1 h of simulation time (timescale set by m).

Fig. 2 a shows a snapshot of the simulation with three
polymerases moving along the gene. For each simulation
run, we computed the number of mRNA molecules aver-
aged across multiple simulation samples after each simula-
tion reached steady state. The average number of mRNA is
plotted as a function of the initiation Rint for different values
of parameters l and vmax (Fig. 2 b). As expected, the number
of mRNA molecules is proportional to Rint but does not
depend on the values of l and vmax. This is because at steady
state, the rate at which polymerases are loaded must equal to
the rate of production of mRNA.

The average velocity at which the polymerases move
along the gene (shown in Fig. 2 c) also depends on Rint

but saturates to a value that does not necessarily correspond
to vmax, especially when the rate of topoisomerase action l is
low or the ends of DNA are free. Importantly, this behavior
recapitulates three empirical observations. One is that the
polymerase velocity changes as the rate of topoisomerase
action changes (4,25). Second is that the velocity of poly-
merases can be smaller than the bare velocity (vmax/2),
defined as the velocity of a single polymerase moving along
a linear piece of DNA with open boundaries where there is
no accumulation of supercoiling density (4,25). Third,
actively elongating polymerases can be slowed by turning
off further polymerase initiation (4) (Fig. S3).

To gain an intuition for this behavior, consider the simplest
case where all the polymerase velocities are equal to v. In
addition, we assume that there is sufficiently large drag
Biophysical Journal 121, 4153–4165, November 1, 2022 4157
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FIGURE 2 DNA supercoiling-mediated interactions between polymerases do not alter the average mRNA production rate but link polymerase clustering to

mRNA bursting. (a)Transcribing polymerases generate supercoiling density s and accompanying torque during elongation. (b)The average number of mRNAs

produced is insensitive to the elongation kinetics of the polymerases and is solely determined by the initiation rate. Changing the elongation kinetics by altering

the maximum polymerase elongation rate vmax or the rate of topoisomerase action l does not change the production rate. (c) Average elongation rates depend on

the initiation rates and therefore the average number of polymerases present on the gene, demonstrating a cooperative interaction between the polymerases. The

elongation rate plateaus to a value that is predominantly set by the rate of topoisomerase action. Error bars indiate the standard deviation. (d) A monotonic

relationship between the mean mRNA production rate and its fluctuations (Fano factor) emerges with the slope determined by the rate of topoisomerase action.

A high rate of topoisomerase action results in fluctuations that resemble the Poisson statistics of noninteracting polymerases (red dashed line). (e) Analytical

expressions for the elongation rate (black given by Eq. 12) and the rate of topoisomerase action (colors and dotted given by Eq. 15) as a function of the stress.

The steady-state value of stress set when the rate of addition of supercoiling equals the rate of its removal (Eq. 17), shown as the intersection of the black and

colored curves. The value of stress at this interaction thus determines the elongation rate according to Eq. 12. (f) Supercoiling-mediated interactions change

interpolymerase separation distances. The separation distance between the polymerase nearest the transcription start site and its closest neighbor, r, decreases

with increasing accumulation rate of supercoiling density. The altered separation distances result in higher fluctuations in gene expression. The distribution of

separation distances deviates from that of noninteracting polymerases that follow Poisson statistics (exponentially distributed separation distances, shown by red

line). Simulation details are described in the supporting material. To see this figure in color, go online.
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(gþ hxa >> 1) on each polymerase so that we can ignore
polymerase rotation ð _q ¼ 0Þ. In this case, the supercoiling
density generated by each polymerase is canceled by the
supercoiling density generated by the neighboring poly-
merases except for at the boundaries where there is no
cancellation. Then, the rate of supercoiling density generation
is�uov at the boundary closest to the start site anduov at the
other boundary (Eq. 10). Therefore, we can write an equation
for the rate of change U (Eq. 13) as

_U ¼ 2uov � l
U

1þ U
; (16)

where the second term on the right-hand side is the rate of
removal of supercoiling density by topoisomerase action.
At steady state, _U ¼ 0.

If we make the additional simplifying assumption that the
change in supercoiling density across each polymerase is
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proportional to the torsional stress on that polymerase e
(i.e., ignoring DNA buckling), then U ¼ Ne, and Eq. 16
can be written as a function of N and e as

CvðeÞ � l
Ne

1þ Ne
¼ 0: (17)

The above equation sets the value of torsional stress e for
each polymerase and, in turn, their velocity. Fig. 2 e shows
the contribution of each term in Eq. 17 as a function of e.

Increasing the polymerase loading rate Rint increases N.
However, the rate of removal of supercoiling density due
to topoisomerase actions saturates with increasing N
(Fig. 2 e). The value at which this saturation occurs sets
the value of torsional stress on each polymerase and thereby
their average velocity. The dashed curve shows the smallest
possible e that satisfies Eq. 17 when N/N and in turn sets
the values of elongation rate for large Rint in Fig. 2 c.
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Because of the saturation of the rate of topoisomerase ac-
tion, the average polymerase velocity can be smaller than
the maximum allowed velocity vmax. Other choices for the
functional form relating the rate of topoisomerase action
to UðtÞ such as Rtopo � Cnst: or Rtopo � UðtÞ will not result
in a velocity that saturates to a value other than vmax for large
N, in disagreement with empirical observations where
average polymerase elongation velocities both plateau as a
function of initiation rate but do so at a value less than
vmax (4,25).

Next, we computed the fluctuations in the number of
mRNA molecules. We computed the Fano factor of the
number of mRNA molecules (variance divided by mean)
over the entire duration of the simulation after steady state
was reached. Surprisingly, the Fano factor deviates from
simple Poisson statistics at a sufficiently high initiation
rate and a low rate of topoisomerase action (Fig. 2 d).
This is because as polymerases move along the gene,
they interact with each other and change their separation
distances (referred to as clustering) from the initial expo-
nentially distributed separation distances set by the Pois-
son loading process (Fig. 2 f). With interactions, the
distribution of separation distances peaks at a nonzero
value and has a narrower range, as evident in Fig. 2 f.
This effect is larger for a lower rate of topoisomerase ac-
tion because the interactions are mediated by the accumu-
lation of supercoiling density. Clustering of polymerases
due to interactions is a plausible explanation for the uni-
versally observed ‘‘bursting’’ dynamics of gene expression
and the relationship between the average number of tran-
scripts observed in individual cells and the fluctuations of
the number of transcripts across cells in a population (11).
The model shows a qualitative relationship between
average polymerase velocity and fluctuations in
mRNA production (Fano factor, i.e., bursting), consistent
with experimental observations. In these experiments,
decreasing the rates of topoisomerase action (l in our
model) leads to a decrease in the average polymerase
velocities and an increase in the levels of mRNA fluctua-
tions (see Figs. 3 and 7 in (25)). The same behavior is also
displayed by our model (Fig. 2 c and d). Additionally, pre-
vious experiments have shown that fluctuations in mRNA
production (bursting) are linked to polymerase separation
(‘‘clustering’’) (26,27) by directly observing polymerases
as they elongate. Our model is the first theoretical demon-
stration of this link (Fig. 2 d and f).

To gain an intuition for how clustering occurs, consider
the dynamics of two neighboring polymerases. The relative
distance between the two polymerases changes as

_r ¼ v1ðe1Þ � v2ðe2Þ; (18)

where the velocity of each polymerase is determined by
Eq. 12. The torsional stress experienced by the first and
second polymerase is a function of supercoiling density in
front of, in between, and behind the two polymerases’ sF;
sM; and sB, respectively. In particular, e1fsF � sM and
e2fsM � sB. Because supercoiling density always accu-
mulates in the front and all polymerases move in the same
direction, sF > sM > sB. Importantly, the supercoiling den-
sity between the two polymerases is inversely proportional
to their separation distance, smf1=r. If the separation dis-
tance between two polymerases is large, then sm is small,
which in turn generally implies e1 > e2 and v1 <v2. There-
fore, in the case of large separation, _r < 0, and the separation
distance between the two polymerases shrinks. Conversely,
if the separation distance between the two polymerases is
small, then sm is large, which in turn generally implies
e1 < e2 and v1 >v2 and an increasing separation distance
_r > 0. Taken together, as polymerases move along the
gene, because of the interactions, they converge to a
preferred separation distance (Fig. 2 f) and then move
with a constant velocity (Fig. 3 b). This is the first theoret-
ical description of a natural mechanism for polymerase clus-
tering (26,27).

Surprisingly, in our simulations, we observed that a min-
imum number of three interacting polymerases moves a
larger distance before stalling compared with one or two
polymerases, as shown in Fig. 3 b. To gain an intuition
for why a minimum of three interacting polymerases are
required for sustained motion, consider how stress accumu-
lates as one polymerase moves along the gene. We can
write an equation for the rate of change of the velocity of
the polymerase _v in terms of the dynamics of the local stress
by applying a simple chain rule to the stress-dependent ve-
locity (Eq. 12):

_viðeiÞ ¼ d

dei
viðeiÞ_e: (19)

An isolated polymerase moves at velocity vmax initially.
As it moves along the gene, the torsional stress across the
polymerase accumulates at a rate that is proportional to its
velocity, _efv. Substituting this into Eq. 19 implies _vf �
v. Therefore, the velocity of the polymerase decays expo-
nentially to zero. When topoisomerase relieves the stress,
the polymerase can start to move again. When two polymer-
ases move along the gene, their velocities converge to the
same value as described above. As with the case of an iso-
lated polymerase, the two polymerases also accumulate
torsional stress at a rate proportional to their velocity. This
occurs even though supercoiling does not accumulate in
the region between the two polymerases because the nega-
tive supercoiling density generated by the leading polymer-
ase cancels the positive supercoiling density generated by
the trailing polymerase. However, supercoiling density
does accumulate outside the two polymerases because there
is no cancellation. Therefore, the velocities of the two poly-
merases also decay exponentially, as is the case with a single
polymerase (shown in example traces in Fig. 3 b).
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This picture changes qualitatively with the addition of a
third polymerase. The velocities of the three polymerases
also converge to a shared constant value as they move along
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the gene. However, the supercoiling density generated by the
middle polymerases is exactly canceled by the two polymer-
ases on either side. Therefore, the middle polymerase has no
torsional stress accumulation. This puts the middle polymer-
ase in a privileged position. As the outer two polymerases
slow down from the accumulation of stress, the middle poly-
merase continues to move. When this happens, the middle
polymerase accumulates torsional stress because there is no
exact cancellation of supercoiling density from the other
two polymerases. Importantly, the accumulation of super-
coiling density in the middle relieves torsional stress on the
outer polymerases, resulting in their collectivemotion. Taken
together, three polymerases can sustain their motion for
significantly longer periods of time before stalling (as shown
in the traces in Fig. 3 b).

In summary, our results show that there is an emergent
phenomenon where three or more polymerases can sustain
their collective motions for a longer period of time than
one or two polymerases. We will refer to three or more in-
teracting polymerases undergoing sustained motion as pol-
ymetons. Polymetons emerge in our system following a
topoisomerase action when three or more simultaneously
elongating polymerases move at near-constant velocity
(Fig. 3 b). The simplified discussion of the behavior of a
polymeton above discounts the fact that polymerases in a
polymeton are at different positions along the gene and
therefore are attached to nascent RNAs of different lengths.
The model used in our simulations accounts for this subtle
difference, which breaks the strict symmetry discussed
above, leading to differences between three and four poly-
merases in a polymeton, as seen in Fig. 3 c. However, the
qualitative behavior that middle polymerases occupy a
privileged position and can assist in sustaining the motion
of the group should not depend on the precise form of the
model.
Torque-dependent initiation

Next, we incorporate torque-dependent initiation into the
model. Up to this point, polymerase initiation in the model
occurs stochastically as a Poisson process with a constant
rate Rint. However, there is experimental evidence that the
initiation rate should depend on the supercoiling density at
the promoter site. First, there are in vivo measurements
showing that increasing the level of negative supercoiling
at a promoter by inducing the production of neighboring
genes can alter its output (5,31,45,46). Second, in vitro sin-
gle-molecule experiments have directly measured promoter-
unwinding kinetics as a function of the torque in DNA (40),
demonstrating that initiation is sensitive to the torque at the
promoter.

Polymerase initiation is basically an ordered process of
polymerase binding to DNA at the promoter site, unwinding
of the DNA, and polymerase leaving the promoter (referred
to as clearance). Polymerase-DNA binding follows standard
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chemical kinetics whereby the binding rate increases
proportionally with polymerase concentration and promoter
affinity, Ko, which captures the intrinsic affinity of polymer-
ase for the promoter, kb ¼ ½RNAP�Ko. The unbinding rate
of polymerase from the promoter, k� b, is not sensitive to po-
lymerase concentration (47). Precise kinetic observations
(40,47) have measured these rates for specific promoters
and could thus be used as inputs into a model of initiation.
In our model, we explicitly vary kb to capture the behavior
of genes with different promoter affinities and polymerase
concentrations. Inducing or repressing a gene corresponds
to varying kb.

Following promoter binding, the polymerase locally un-
winds the DNA at the promoter site. This step has a strong
dependence on the torsional state of DNA and can become
the rate-limiting step in initiation. Precise characterization
of promoter unwinding and clearance by polymerases for
varying levels of DNA supercoiling has been made (40).
The rate of unwinding depends on the level of torque at
the promoter site: the rate of unwinding decreases as torque
is increased following a simple Arrhenius law form as
measured by (40). Consequently, we model the unwinding
rate ku as
ku ¼ e�ðtpromðtÞdþEmÞ: (20)

d captures the dependence of the unwinding rate on the
torque t. Em captures the strength of the promoter and can
vary from one promoter to another. Em sets the value at
which torque unwinds specific promoters and allows tran-
scription. Some promoters require negative torque to un-
wind and allow transcription (referred to as weak
promoters), whereas strong (consensus) promoters can un-
wind for positive values of torque (40) (rrnBP1 and lac-
CONS promoters, respectively).

Importantly, the torque at the promoter site, tpromðtÞ, is
given by the supercoiling density, which is in turn set by
the polymerases as they move along the gene and interact
(Eq. 10). Promoter clearance occurs rapidly following the
promoter unwinding (47) and thus is ignored here. Collec-
tively, our model of initiation is composed of a two-step pro-
cess of reversible polymerase-DNA binding followed by
irreversible promoter unwinding, which results in initiation
(Fig. 4 a). Here, we utilize kinetic unwinding data of the Lac
promoter (40) to model a strong promoter requiring no free
parameters (see Fig. 4 b). The inferred values are Em ¼ � 9
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and d ¼ 2 (values for k5b are given in (40)). The values for
the weak promoter rrnBP1 are the same but with Em ¼ 5.
This allows us to make a direct comparison between torsion-
dependent initiation and gene expression for the same pro-
moter (12) from experiments.

The torque-dependent initiation rate constructed above
can be incorporated into our existing framework (Fig. 4).
We first examine the role of torque-dependent initiation
on gene output without polymerase interaction. Fig. 4 c
and d show that a strong promoter is not affected by the
changes in torque at the promoter site generated by the
elongating polymerases even if they are not interacting.
In this case, the gene mRNA output increases with the
binding rate kb but exhibits Poisson fluctuations (Fano
factor ¼ 1). A weak promoter (Fig. 4 e and f) displays a
nonlinear relationship between the average mRNA output
and the binding rate kb. However, the fluctuations in the
output display a nonmonotonic dependence on the mean
expression, in disagreement with general experimental ob-
servations (11) as well as specific observations for the
rrnBP1 and lac promoters (12).

Importantly, when the polymerases are allowed to interact
as they move along the gene, the dependence of mRNA
output and its fluctuation change. Both weak and strong pro-
moters show a linear dependence of average mRNA output
and binding rate kb (Fig. 4 e). This output matches what
would be expected if polymerase initiation did not depend
on the torque but followed a simple Poisson process. The
change in the behavior of output is because the torque at
the promoter site changes when polymerases interact with
each other. In addition, interacting polymerases also change
how the mRNA output fluctuates (Fig. 4 f). Both weak and
strong promoters now show super-Poissonian fluctuations
with Fano factors that monotonically increase with the
average output, again consistent with empirical
observations of a super-Poissonian relationship between
mean mRNA expression and mRNA fluctuations (see
Fig. 3 of (12)).

Taken together, these results indicate that torque-depen-
dent initiation alone is insufficient to explain the expected
bursting behavior of genes. However, incorporating poly-
merase (velocity) interactions recovers the expected
bursting behavior in genes pointing to fluctuations incurred
during elongation as the overriding source of bursting in
gene expression. Additionally, the insensitively of strong
promoters to negative torque (supercoiling) (40) calls into
question the widespread use of initiation as the source of
transcriptional bursting used in models (5,24,34).

Finally, the interplay between torque-dependent initiation
and elongation could be exploited to engineer novel gene
regulatory mechanisms or identify existing ones. For
instance, imagine two identical genes convergently oriented
toward one another both with weak promoters (Fig. 5 a).
The gene that spontaneously initiates transcription first gen-
erates positive supercoiling density at the promoter site of
4162 Biophysical Journal 121, 4153–4165, November 1, 2022
the other gene because of the geometry of their arrangement.
This supercoiling density in turn changes the initiation rate
of the other gene. Therefore, the two genes repress each
other resulting in DNA supercoiling-mediated toggle
switch.

To demonstrate this effect, we constructed a system of
two convergently oriented, identical genes with torque-
dependent initiation and weak promoters. Recent work has



DNA mechanics and emergent transcription
examined a similar system (48). This system demonstrates
bistable expression where when one gene is on, the other
is off (Fig. 5 b and c). Importantly, the bistability of this sys-
tem is not set by proteins, and therefore the timescale of the
oscillations is independent of protein lifetimes. Elongating
polymerases generate negative supercoiling at the on gene’s
promoter. Conversely, the elongating polymerases generate
positive supercoiling at the off gene’s promoter, resulting in
continued repression of the off gene. Thus, the switching
rate between states in a mechanical toggle switch is set by
the average time a gene contains actively transcribing poly-
merases after initiation. For a switching event to occur, no
new polymerases can initiate while there are actively elon-
gating polymerases. This occurs with probability e� rintvGl,
where v is the average polymerase velocity, Gl is the length
of the gene, and rint is the rate of initiation of new polymer-
ase. Thus, the length of the gene has strong role in deter-
mining the switching time; longer genes create more
stable states (see Figs. S4 and S5). Additionally, if either
promoter is strong compared with the other promoter, or if
polymerase loading is too slow, sustained toggling is not
possible (Fig. S4). This simple system highlights the poten-
tial of novel forms of gene regulation mediated through
supercoiling.
DISCUSSION

The framework introduced here provides a description of
the supercoiling density generated during polymerase elon-
gation, the transportation and accumulation of supercoiling
density, and its resulting nonlocal effect on the elongation
of polymerases. In addition, we introduced a mechanical
model of transcription initiation compatible with our model
of elongation. This addition is based on biophysical
reasoning and in vitro observations of torque-dependent po-
lymerase binding and is a crucial element in the construction
of a comprehensive framework of supercoiling and tran-
scription. Previous attempts have fallen short of a compre-
hensive description relying on discrete descriptions of
polymerases(23), incomplete models of supercoiling trans-
port due to elongation (24,34), or models that did not
include both torque-dependent initiation (23) and elongation
(24,34).

To make the model more computationally tractable, some
simplifying assumptions were made. First, we assume that
supercoiling density diffuses infinitely fast along the gene.
This assumption was motivated because the mechanical
state of DNA can relax much more quickly compared with
the rate at which polymerase moves along DNA. Second,
the conversion of DNA twist into writhe (bending) was
not explicitly incorporated into our model. Consequentially,
an explicit simulation of DNA twist transport alone would
inadequately capture the mechanical response of DNA to
twisting. Instead, we used a phenomenological formulation
of the relationship between supercoiling density and torque,
which implicitly includes DNA buckling (36). Similarly, a
simple phenomenological framework was used to model
the drag on elongating polymerases (33). Both of these
phenomenological models are motivated by physical
models of how polymers behave (33,36). Third, we con-
structed a simple model of topoisomerase action. Our model
was motivated by empirical observations of topoisomerase
kinetics acting on supercoiled DNA plasmids (44). The
phenomenological form used in our model follows exactly
the observations made in (44). Additionally, alternative
forms resulted in behaviors that disagreed qualitatively
with experimental observations (Fig. S2). Finally, the exis-
tence of cooperative elongation kinetics and polymetons
was found to be robust under various phenomenological pa-
rameters used for DNA buckling, nascent mRNA drag, and
topoisomerase action (Fig. S1).

The twist transport equation developed here (Eq. 9) can
be used in future work to directly simulate the diffusion of
twist in DNA during transcription. Recent theoretical
work (49) has demonstrated that bursting can emerge with
explicit supercoiling diffusion. Additionally, DNA writhing
can be computationally or analytically incorporated, allow-
ing for important effects such as histone occupancy dy-
namics to be included, which would make the model more
suited to study chromatin dynamics. However, whether or
not polymerase velocity (28) responds fast enough to fluctu-
ating DNA stresses to form polymetons in real systems is
left to be seen in experiments. Additionally, future work to
connect model predictions of under and over twist to
ensemble measurements (50) should be done.

Many model outcomes have been tested directly or are
testable in future experiments. First is the observation that
the rate of topoisomerase action determines the average
elongation velocity of polymerases. It has been shown pre-
viously that the average elongation velocity is below the
maximum elongation velocities of polymerases because of
topoisomerase action (4,25). Additionally, it was previously
shown that stopping initiation can slow already elongating
polymerases (4). Our model correctly displays these same
behaviors (Figs. 2 c and e and S3). The second observation
is that the rate of topoisomerase action can control fluctua-
tions in gene expression. Specifically, lowering the rate of
topoisomerase action simultaneously lowers the average
elongation velocity of polymerases while increasing fluctu-
ations in mRNA production (Figs. 3 and 7 in (25)). Our
model shows the same behavior (Fig. 2 c and d). The third
observation is a super-Poissonian and monotonic relation-
ship between the mean and the fluctuations in the number
of mRNAs (see (11) and Fig. 3 in (12)). The model correctly
predicts these three observations and links them all to the
nonlocal interactions between polymerases mediated by
supercoiling. We also predict that the extent of fluctuations
in mRNA production is predominantly set by torque-depen-
dent elongation as opposed to initiation (Fig. 4). This pre-
diction can be tested by using reporters for directly
Biophysical Journal 121, 4153–4165, November 1, 2022 4163
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observing mRNAs as they are being transcribed (26,51)
where one reporter is close to the promoter site while the
other reporter is close to the end of the gene. The signals
from the two reporters can be used to infer the extent of fluc-
tuations generated by initiation versus elongation. A single
reporter system of this kind has been previously used to
confirm the relationship between bursting and clustering
(26,27). Finally, similar reporter systems can be used to
directly observe the formation of polymetons.

In summary, we show that nonlocal interactions be-
tween polymerases emerge from DNA supercoiling and
lead to cooperative elongation rates, clustering of poly-
merases, and gene expression bursting, consistent with
empirical observations of cooperative elongation kinetics
(4), bursting (11), and clustering (26,27). This is the first
theoretical effort to link bursting, clustering, and elonga-
tion rates together in a consistent framework with explicit
mechanical interactions between polymerases. A collec-
tive phenomenon, referred to as polymetons, emerges
whereby groups of three or more polymerases can sustain
their elongation due to the privileged status of the interior
polymerase. The addition of torque-dependent initiation
alone is insufficient to reproduce observed relationships
between the mean levels and fluctuations in gene expres-
sion. We found that including both torque-dependent initi-
ation and elongation is sufficient to match experimental
observations. This result calls into question the validity
of using models of torque-dependent initiation alone that
do not also incorporate interactions to explain gene
expression fluctuations. Finally, we constructed an
example where supercoilng can be used to build novel syn-
thetic regulatory circuits using two neighboring genes to
form a mechanical toggle switch.

In conclusion, we have shown that DNA supercoiling
serves as a powerful mediating force between polymerases
by altering initiation and elongation kinetics. These effects
are inescapable physical attributes of transcription and offer
a widespread nonlocal feedback mechanism between poly-
merases. This framework challenges the traditional decou-
pling of transcription initiation and elongation and has
strong implications for models of gene expression fluctua-
tions (52). Understanding the role that DNA mechanics
plays in gene expression can provide new insights into
how genes are regulated and will be essential in building
future synthetic systems.
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